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^ ■ Abstract 

^ ! 

Q I It was studied coherent states in complex variables in SU(2), SU(3), 

' SU(4) groups and in general in SU(n) group. Using the completeness 

■ relation of the coherent state, we obtain a path integral expression for 

transition amplitude which connects a pair of SU(n) coherent states. 
In the classical limit, a canonical equation of motion is obtained. 



1 Introduction 

One of the main motives for the use of Feynmans path integral in quantum 
mechanics lies in its initiative way of describing the correspondence between 
classical and quantum concepts. Especially the integration over paths in 
phase space gives Hamiltonians equation of motion in the classical limit. 
According to this, the system is firstly supposed to propagate through infi- 
nite sequence of coordinate eigenstate, and then via the transformation to 
momentum representation at each time interval the transition amplitude is 
brought into the form of integration over the paths in phase space. There is, 
however, another way of deriving the phase space path integral through the 
introduction of the coherent state. 

In the quantum mechanics a coherent state (hereafter abbreviated as CS) 
is a specific kind of quantum state of the quantum harmonic oscillator whose 
dynamics most closely resemble the oscillating behavior for a classical har- 
monic oscillator system. The most important properties of coherent state 
are the continuity and completeness. As the ordinary CS is closely related 
with the unitary representation of Heisenberg-Weyl group, so the generalized 
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coherent state has been introduced by Perelomov [1] in related to the unitary 
representation of an arbitrary Lie group. Section 2 is devoted to the proper- 
ties, Casimir operator, path integral expression for the transition amplitude 
and the classical equation of the motion in SU(2) group. There is similar 
expression in section 3 for SU(3) group, in section 4 for SU(4) group and in 
section 5 for SU(2S-|-1) group. 

In condensed matter physics, coherent states for SU(n) group have exten- 
sively used to study Heisenberg or Non-Heisenberg spin systems using the 
path integral formalism. 

2 Properties of the SU(2) coherent state and 
classical dynamics 

According to the Ref (1), the generahzed CS is given by the set U{g)\0),g e G 
, where U(g) is the unitary representation of the lie group G acting on a 
Hilbert space and |0) is a fixed vector in this space. 

In the case G=SU(2), U(g) can be parameterized as the following form 
[1,2]: 

m = e("^"-^^-)|0) = (1 + -j) (1) 

Where the complex variable a takes the value in \a\ < | and the new 
parameter ^ takes an arbitrary value in the complex plane, and is related to 
a through: 

t = - — rtanlal (2) 
|q;| ' ' ^ ^ 

Si are generators of SU(2) group, and are related to the Pauli matrices. 
The Pauh matrices are: 

= ( ? J ) ' = ( ° 7 ) ' = ( J -1 ) 
The quadratic operator (Casimir operator) is defined in the following form 

= (5^)2 + (S^)^ + {S^y = {S'f + 1{S+S- + S-S+) (4) 
And averaged value of this operator is: 



2 



C2 = s{s + l)i fors=^ 



(5) 



Lets consider a Hamiltonian H acting in our Hilbert space. Assume that 
H can be expanded as the finite polynomial of the infinitesimal operators 
S^,Sz of SU(2). The transition amplitude (propagator) from state |^) at 
time t to the state |^') at time t' is given by 

T{C',t,C,t) = {^'\expi-lHit -t)m (6) 

In order to obtain the path integral form amplitude T, (t' — t) is divided 
into n equal time intervals e = ^ and take the limit n — > oo : 

T = Hmn^oo{^'\{l-^Her\0 (7) 

Using completeness relation and some mathematical calculation, we can 
get the following relation: 

„ „ n— 1 

T{^',t]^,t) = limn^oo j ■■■ j J{dii{ik) 

k=l 

(8) 

Below is presented the formal functional integral of the above expression: 
T = I di,{Oexp{ls) 

s = I' mt),m,c{t),Ct{t))dt (9) 

Where lagrangian L is given by 

Th 

In order to obtain classical equation of motion, the following condition 
should be used: 
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0=SS = r'(§Ae + §Ae. + c.c.) 

*' d .dL . .^^ , , , , 

Because variations ^ and ^* are independent and arbitrary, then 

d,dL. dL ^ d,dL. dL ^ 

iMJ-ai-'- sWae^" '''' 

If L relation is used in the above equations, the classical equations take 
the following forms: 

^* 2jh 9e 

3 Properties of the SU(3) coherent state and 
classical dynamics 

Similar to equation (1), the SU(3) CS is written in the following form[3] 



1^) = exp(Ete7;+ - ^^Tnm = (i + E + E^^K)) (14) 

1=1 i i 

Where are generators of SU(3) group and related to Gell-Mann matri- 
ces. These matrices are 



Ai = 



A, = 



Ay 




, A2 



, A4 = 






( ° 


1 


\ 


j , A6 = 


1 










lo 








A« 




(15) 
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Coherent state is 



1^) = (1 + i,l + i^lf'W^) + Vi|l) + ^2|2)) (16) 

These states are parameterized by two complex functions V'l and '02 , so 
the system hved on a four-dimensional real manifold. Where 



Eie^P,^ = l,2 (17) 



Similar to SU(2) group, the quadratic operator (Casimir operator) is in 
the following form 



C2 = {S'f + \{S+S- + S-S+) = Q'' + i(g+- + Q-+) (18) 

That Q'^ = (V' I -5^-5^ 1-0) , = (01 ^+^-1-0) .The averaged Casimir 

operator is 



C2 = s(s + 1)7,5 = 1 (19) 

The transition amplitude (propagator) from state l^^) at time t to the 
state 10 ) at time t is given by 



/f I III 
X (01fc^ ^ i^2k—^) 

(20) 

Below is presented lagrangian L, obtained from formal functional integral: 



2(1 + Vi +1P2) 

In order to obtain classical equations of motion, the following condition 
should be used: 
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/■*' dL OL OL OL 

O^SS ^ / {^AiPi + ^Ailjti + ^Aij2 + ^Ailjt2 + c.c.)dt 
Jt ^dijji dijjti 011)2 d'ijjt2 

f^',,dL d . dL ..^ ^ .dL d . dL ..^ ^ 



Because variations 5ipi and 5ip* are independent and arbitrary, then 



d . dL . dL d . dL dL 

JVdi^i'~Wi^ ' Jvdi^r'~Wi^ 
d , dL , dL „ d , dL ^ dL „ 

dt d'ipt2 dip2 dt dip^2 dip2 

If Lagrangian relation is used in the above equations, the classical equa- 
tions take the following forms: 



.{l + ,pl + r2fd{iP\H\ 



h diljt 

_ .{i+r.+i^ifdiii^m) 

Vt2 — —f' 



h dij) 



2 



Xl + iPl + i)lfd{i,\H\i,) 
= ' h d^ 

= ' h d^ 

These are classical equations in complex variables in SU(3) group. 

4 Properties of the SU(4) coherent state and 
classical dynamics 

The SU(4) CS is written in the following form 



IV') = exp{Y,{^,n - mm) = (i + E \i^i?r'''m + E (25) 

1=1 i i 

Where Tj are generators of SU(4) group that related to the following 15 
matrices. 
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^5 = 
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(26) 
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Coherent state is 



1^) = (1 + + ijj + rsY^MO) + ^i|l) + H^) + ^3|3)) (27) 

These states are parameterized by three complex functions -01 , '02 a-nd 
-03 so the system hved on a sex-dimensional real manifold. Where 
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^. = ^tan\^\ 1^1 = 



5:i6P,i = l,2,3 (28) 



lei \ti 
the Casimir operator and averaged are 



C2 = (5^)' + i(5+5- + 5--5+) = g^^ + i(g+- + g-+) 

C2 = s(s + l)/,/ors = 3/2 (29) 

Similar to SU(2) and SU(3) groups, transition amplitude given in the 
following form: 

T(^',t';^,t) = 

.n-l „■ n -J^ 



■' k=i fc=i 



^2(l + |^iP + ^| + ^|) 
(30) 

Below is presented lagrangian L, obtained from formal functional integral: 



^2(1 + V'? + V'I + V'I) 
-(V'l^lV') (31) 

In order to obtain classical equations of motion, the following condition 
should be used: 



^ = 5S = r'(|^AV.i + |^AV.a + |fAV.2 + |^AV.,2 
Jt dipi dipti a'02 d'ipt2 

9L , , dL ^ , 
+^A^3 + ^— A^t3 + c.c.)dt 
dips dilJts 



, dL d , dL ... , , , 

dijjs dt di>t3 



(32) 
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Because variations 5ijji and 5il)* are independent and arbitrary, then 



d dL dL _ d dL dL _ 

d dL dL d dL dL 

JvdiH2 ' dt^d^'d^^ 

d , dL ^ dL d , dL ^ dL 

dt dijjts dips dt dip^s dip^ 

If Lagrangian relation is used in the above equations, the classical equa- 
tions take the following forms: 



mi — ~^ 



h d^Pl 

h di^l 

^ h di^l 

l + ^l+_^l + ^lfd{^\H\^) 
h dipi 
_ .{l + ^f + iPl + xPlfdimi^) 

Yt2 — ^ 



-0*3 = -i 



tl 



h dil)' 



2 



_ , {l + i^l + i^l + r,fd{,p\H\i;) 
" ' h d^, 

These equations are classical equations in complex variables in SU(4) group. 



5 Properties of the SU(2S+1) coherent state 
and classical dynamics 

The SU(2S-|-1) CS for 5* > 1 is written in the following form: 



25* 25* 25" 

1^) = exp(Ete^^ - i^Tr)m = (1 + E m'r'^m + E m) m 

i=l i i 

Where Tj are generators of SU(2S-|-1) or SU(n) group. These generators 
can be represented by {n'^ — n) off-diagonal matrices and (n — 1) diagonal 
matrices. We take as a basis for the group SU(n) and Non-diagonal element 
of this basis are [4] 
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ej = ej + ei,l<h< j <n 



(36) 



The diagonal elements are: 



'Im 



[Eei-me^XD l<m<n-l (37) 



m(m + 1) 

These states are parameterized by complex functions ipi . Where 



the Casimir operator and averaged are: 
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\ i=i 



C2 = {S'y + l-{S+S- + S-S+) = Q'' + l{Q+- + Q- 
C2 = s(s + l)/ 



(38) 



(39) 



The transition amplitude (propagator) from state at time t to the 
state l'^ ) at time t is given by 



T{'i/j',t,i/j,t) = {i^'\exp{-j-H{t -t))\ilj) 



/.n-l ^ n 



ih 



25 



25 



(40) 



Below is presented the formal functional integral of the above expression: 



T = j dii{i:)exp{ls) 

s = J^' m{t),Mt),ri{t),rti{t))dt,i^i..2s 

Then lagrangian L is given by 



(41) 



L ^ i{ 



2(1 + Eft. 



Z 25 25 



(42) 
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In order to obtain classical equation, the following condition should be 
used: 



2S or 25 Qr 

•It Y i ^^ti 

(43) 

Because variations 5ipi and 5ip* are independent and arbitrary, then 

d dL dL _ d dL dL _ 

(44) 

If L relation is used in the above equations, the classical equations take 
the following forms: 



—I 



+ ^^)0{r\HUi) 



h 

-25 



h di/ji 



1..2S 



(45) 



6 Discussion 

Our formulation can be used to write the field theory for the SU(n) Heisen- 
berg or Non-Heisenberg model and to study its spectrum and topological 
aspects. If Hamiltonian is used in above equations, nonlinear equations de- 
scribing properties of systems are obtained. 

For example, this formalizatin can be used in the dynamical description 
of magnetic substances with spins S > 1/2 . It is shown that the minimum 
number of dynamical variables (and, consequently, of equations for them) 
necessary to consider all the interactions allowed by the magnitude of the spin 
adequately is equal to 4S. A set of 4S equations that describe the dynamics of 
an magnetic material system are explicitly derived on the basis of the single- 
site coherent states for the SU(2S-|-1) Lie group. Those physical situations 
are considered whose most important feature is not the orientational motion 
of the magnetization vector, but the dynamics of the multipole degrees of 
freedom, which constitute an important element of the total dynamics. 

In analyzing SU(2) group, there is only dipole moment, and the length of 
magnetization vector is constant but in SU(3) group there are both dipole 
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and quadrupole moment [5]. Generally, in SU(n) group, there are dipole up 
to multipole moments that must be considered. 

There are 3 generators in SU(2) group (Pauli matrices), 8 generators in 
SU(3) group, 3 of which related to dipole moment and the rest are related to 
quadrupole moment. In general , in SU(n) group there are — 1 generators 
that form multipole moments. 
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